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ABSTRACT. This paper proves and generalizes the following characterization of the
algebra A(K, K) of complex analytic functions on open subsets of the complex plane X into
K to the case of algebras of functions on a real Euclidean space E into a real Banach
algebra B.

Theorem. Let F(K,K) be the algebra of all continuous functions on open subsets of K into
K, and F a subalgebra of F(K, K) with nonconstant elements such that Uscprange f = K, F
is closed under uniform convergence on compact sets and domain transformations of the form
z - 2o+ 20, 2, 29, 6 € K. Then F is F(K,K) or A(K,K) or A(K,K) = {f;f € A(K,K))}.

In the general case conditions on B are studied that insure that either F contains an
embedment of F(R, R) and thus contains quite arbitrary continuous functions or that the
elements of F are analytic and F can be expressed as a direct sum of algebras R, ...,
such that for i = 1, ..., n, there exist complexifications M; of E and N, of Ujef, range f,
such that with respect to M; and N, the elements of F, are complex differentiable.

1. Our motivation comes from a previous paper of this author [3] in which it is
shown that if Fis a linear subspace of F(E, R) closed under uniform convergence
and domain transformations of the form z = zy + rz, z, 2y € E, r > 0, then F
has an embedment of F(R,R) or the elements of F satisfy an elliptic partial
differential equation.

In §2, we observe from [2] that the elements of the function algebras under
study can be locally uniformly approximated by continuously differentiable
elements of F, the family of whose (Fréchet) derivatives, D, lies in F. Our study
then reduces to the purely algebraic study of D considered as a linear subspace
of the space of linear transformations on E into B. This study, which may be
considered the core of the paper is given in Theorems 3.2 and 3.3.

From the standpoint of real variables if the elements of F are complex analytic,
then the elements of D have even rank. Conversely, if no element of D has rank
one, then complexifications M of E and N of B can be found so that with respect
to M and N the elements of D are complex homogeneous, thus yielding that the
elements of F can be locally uniformly approximated by continuously complex
differentiable functions of F and hence are themselves continuously complex
differentiable.
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The basic results of this paper are stated and proven in §4. No restriction is
placed on the dimension of B in this section.

The theory for the case when B is finite dimensional is given in §5.

Applications to the theory of integrable functions are given in §6. A new proof
of a theorem of [4] as well as a new proof of Morera’s theorem is given.

The characterization of A(K, K) is proven and discussed in §8.

2. Notation and preliminaries. Let R denote the real numbers and w the positive
integers. For n € w, let E, be a real Euclidean space of dimension n. Throughout
this paper E shall denote Eg for some fixed 8 € w and G shall denote a fixed
transitive subgroup of the rotation group G(E) of E. Set U = {x € E; ||Ix|| < 1}
andT = {x € E;||x| = 1}.

Let ¥V and W be Banach spaces and let F(V, W) denote the space of all
continuous functions on open subsets of ¥ into W. Let T(V, W) and P(V, W)
represent respectively the spaces of linear elements and of polynomial elements
of F(V, W) with domain V.

Let B be a Banach space and F C F(E, B). F is called a TR family if:

(1) f+ g € F for f, g € F (where addition is defined on the intersection of
domain f and domain g).

(2 rf€ Fforfe F,r e R.

(3) For f € F, S an open set lying in domain f, the restriction f| S of fto S
lies in F.

(4 Forf € F,xy € E,r > 0, wehave g € F, where g(x) = f(rx + x,) for all
x € E such that rx + x, € domain f.

F is said to be:

(1) A B family if Ujeprange f = B.

(2) A Gfamily if fg € Fforallf € F,g € G.

(3) An M (maximum modular) family if / € F, the closure U of U lies in
domain f, x € U, implies ||f(x)|| < sup{|lf()ll;¢ € T}.

(4) Ao family if E = Kand for f € F,¢ € K, f, € F, where f,(z) = f(oz) for
all z € 07! (domain f).

Fis said to be strongly closed if F contains all functions f € F(E, B) such that
there exists a sequence fi, f,, ... of Fsuch that:

(1) Domain f; C domain f,, fori € w.

(2) Domain f = U2, domain f.

(3) For n € w and H a compact subset of domain f,, the sequence f,, f41, - . -
converges uniformly on H to f | H.

Let F be a strongly closed TR family of F(E, B) and let f € F. Then from [2]:

(2.1) For ¢ € range f, the constant function c lies in F(E, B).

(2.2) If H is a compact subset of domain f with interior S, then there exists a
sequence f, f, ... of continuously differentiable elements of F with common
domain S, which converges uniformly on H to f | H, such thatforn € w,x € S,

the (Fréchet) derivative (f,); of £, at x lies in F.
\
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A family F C F(E, B) is said to be quasi-closed if F satisfies (2.1) and (2.2).
The proof of the following theorem is elementary.

Theorem 2.1. Let B and C be Banach spaces, F a quasi-closed TR family of
F(E,B) and 0 € T(B,C). Then 8F = {6(f);f € F} is a quasi-closed TR family
of F(E,C).

Thus the property of quasi-closure is preserved under continuous homomor-
phisms, something not true for the property of strong closure.

A TR family F C F(E,B) is called a TRL family [1], [2], if there exists
N = N(F) > Osuch that f € F, U C domain f, x € U, implies

I£(e) = fO)II < Nlixl|sup{fllell; ¢ € T}

In [1] it is shown that the elements of TRL families are real analytic functions
expandable in power series.

Let F be a TRL family of F(E, B). F is said to be elliptic if there exists an
elliptic differential operator A, such that Az(f) = 0 for f € F.

We observe that if F is elliptic then the strong closure of F (the intersection of
all strongly closed TR algebras of F(E, B) containing F) is elliptic.

Theorem 2.2. Let B be a Banach space, © a family of continuous linear maps of
B into Banach spaces, and F a strongly closed TRG family of F(E, B) such that:

(1) For 0 # x € B, there exists § € © such that §(x) # 0.

(2) OF is a TRGM family of F[E,0(B)] for § € ©. Then F is a TRL family of
harmonic functions.

Proof. Let f € F, U C domain f and set h(x) = f; fg(x)dn(g) for x € U,
where 7 is normalized invariant measure on G. Since F is strongly closed,
h| U € F. Since G is transitive, h(x) = h(y) for all x,y € T. Let x, € T,
x € U. Then for all § € O, §F is maximum modular and

181A(x) = h(xo)lll < sup{lI8[A(t) — h(xo)]ll; ¢ € T} = 0,

and hence by condition (1) of the hypothesis A(x) — A(xy) = 0. Thus A is
constant. Then [6]

f0) = h0) = ¢ fvh(x)dp(x) =c ﬁg fG (%) dn(g) dulx)
=cf fvfg(x)du(x)dﬂ(g) =cf fU f(x)du(x) dn(g)
= ¢ [1()du(x),

where p is Lebesgue measure on E and ¢ = w(U)™.

By direct computation [1], [6], F is a TRL family of analytic functions. Since
F is strongly closed, for f € F, x € domain f, the second (Fréchet) derivative of
fatx, f® € Fand
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M (x) = Be [ fOD du(t) = fD(©0) = 0.

3. Complexification theory. Let ¥ be a real Banach space and M a continuous
bilinear mapping of KX ¥V into V. M is called a complexification of V if
M(1,x) = x and M(zw,x) = M[z, M(w,x)] for x E V, z, w € K. Let W be a
Banach space and M and N complexifications of ¥ and W respectively. An
element L of T(V,W) is said to be M-N (complex) homogeneous if L(ax)
= L[M(a,x)] = Nla, L(x)] = aL(x) for all x € V, a € K. A differentiable
element f of F(V, W) is said to be M-N (complex) differentiable if f; is M-N
(complex) homogeneous for all x € domain f.

We note that it is not necessarily true for a complexification M of V that
lax]l = [|M(a,x)]| = || - |Ix|| for @« € K, x € V. Indeed for a + bi € K, [x,y]
€ R?, set (a + bi)[x,y] = [ax — by,ay + bx] and ||[x,y]ll = |Ix]| + ||lyll. Then
(0 +3) - [L,00 = I[L, Il = 2and [1 +] - [[1,0]] = /2.

If for a + bi € K, we set |a + bi|, = |a| + |b|, then K becomes a normed field
K, isomorphic (but not isometric) to K such that in general |zw|y # |z|o|w|, for
z,w € K.

We observe that two different complexifications of a space may be wholly
incompatible. For a + bi € K, p = [1i,n,n,1] € R* = E,, set

M(a + bi,p) = [an, — bry,ar, + br,ar; — bry,an, + bry],
and
M,(a + bi,p) = [an, — bry,ar; + br,ar, — bry,an, + bn].

Then for e = [1,0,0,0], Ke = {ae; @ € K} is either the subspace {[a, b,0,0]; a,b
€ R} or the subspace {[a,0,5,0];a,b € R} of R* = E,.

Theorem 3.1. If N is a normed field over R, then N is isomorphic (but not
necessarily isometric) to R or K.

Proof. Suppose for some a,b €N, b+#0,a% +b% =0. Then (a/b)> =—1 and
N contains a subfield N, isomorphic to K. From [7], N = N,.
Suppose the contrary and set for a + bi € K, [vy,v,], [w,w,] € N, = NXN,

v, valll = lloall + v,
[vi,v2] + W, wa] = [v) + w0, + W),
(@ + bi) - [v,v,] = [av, — bvy,av, + buy],
[v1,02] - Wi, w,] = [vywy — v wy, 0wy + vy )

Then N, is a complexified Banach algebra. For 0 # [v,w] € N,, we have
v2+ w? # 0 and
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[o,w] - [v@2 + w2) ™', —w(v? + w?) '] = [, 0],

and thus N, is a normed field over K and from [7], N, is isomorphic to K. Thus
K -[e,0] = {(a + bi) - [e,0);a + bi € K} = {[ae,be];a,b € R} = N,=NXN
and thus N is isomorphic to R.

Theorem 3.2. Let B be a Banach space and M and N complexifications
respectively of E and B and F a TR family of M-N differentiable functions of
F(E, B). Then F is an elliptic TRLM family.

Proof. We first renorm E. Lete;, ..., ¢,, n € w, be a complex basis of E and
forx = Dg a,e; = o M(ay,¢;) € E, oy, ..., 0, € K, set x|y = [0 lo;|*]V2

Let f€ F, U C domain f, x € U, let L € T(E,R) and set L'(z) = L(z)
— iL(iz) = L(z) — iL[N(G, z)] for z € B. Then L' is M-N complex homoge-
neous. We note that ||L’| is not necessarily equal to ||L|. Then g = L'f can be
considered as a complex differentiable function of F(K,/,, K). Then the real part
of g, Lf, is a harmonic function and

|Lf ()| < sup{|Lf(®)];¢ € T} < [[LIsup{lf(A)l;¢ € T}.

Since L is arbitrary, ||f(x)|| < sup{llf()|l;¢ € T} and thus F is maximum
modular. (]

We now come to two purely algebraic complexification theorems which may
be considered the core of the paper. We first complexify E and linear subspaces
of T(E,K) and then generalize to the case of E, and a simple Banach algebra
with identity B.

For H a real linear space and W a complex linear space, let d,(H ) denote the
real dimension of H and d.(W) denote the complex dimension of W. Then
d. (W) =2d.(W). Set I(0y,a3) = oy, for oy, a; € K.

Theorem 3.3. Let n € w and let F be a linear subspace of T(E,,K) such that:

(1) Forf € F,c € K, we have cf € F.

(2) f has (real) rank zero or two, for f € F.

(3) For 0 # x € E, there exists f € F such that f(x) # 0. Then n is even and
there exists a complexification M of E such that all elements of F are M-I
homogeneous.

Proof. We proceed by induction on n. The theorem is trivially true for n = 0.
Suppose it holds for all spaces of dimension less than n for some n € w. Set
M =E, and let 0 # x; € N,. Then for some f, € F, fi(x;) # 0. Set N,
= {x € N;;£;(x) = 0}. Continuing we obtain a sequence of linear subspaces of
EEE=MNDOMND - DNy={0}x,....5, €EE fj,...., L, €EF, p € 0,
such that x; € N, fi(x;) # 0 and N, = {x € N;;fi(x) = 0}fori = 1,...,p.

Suppose X ¢;f; = 0 for some ¢y, ..., ¢, € K. Thenfori = 1,...,p— 1, we
have x, € N, C N, and fi(x,) =0, and thus 0 = 377 ¢;fi(x,) + ¢, f(x,)
= ¢,f(x,) and ¢, = 0. Then 0 = 3¢~ ' ¢ifi(x,-1) and c,; = 0. Continuing we
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obtain ¢, ..., ¢, = 0. Thus for the compiex linear space F of F, generated by
fireen 9fi» d.(Fy) = p and d,(F) = 2p.

Now for i =1,...,p, f;| N, has rank at most two and hence d,(N,)
=d{x € N;f(x) =0} > d(N) — 2. Thus 0 =d{0} = d,(N,.,) > 4,(M)
-2p= dr(En) —2p=n-2pand dr(Fb) =2p2>n

Now the elements of ¥V = T(E,,R) have rank zero or one and hence
V N F = {0}, and thus d,(F) < 4,[T(E,,K)] — d.(V) = 2n — n = n. Whence
n < d(R) < d(F) < nand hence F = Fyand d,(F) = n.

Now {0} = N,,; = {x € N,;£(x) = 0} and hence g = f, | N, is one-to-one
on N, onto K. For a € K, x € N, set ax = M,(a,x) = g7'[ag(x)]. Then M, is
a complexification of N, and f, is M,-I homogeneous.

Set H, = {x € E;f(x) =0}, set E ={3¢"¢.f;;¢;,...,¢1 € K} and set
G, = {cf;c € K}. Then E = H, ® N, and since F = F, F = E, ® G,. Now for
x € H,, f,(x) = 0 and for x € N, fi(x) = 0fori =1,...,p— 1, and thus for
x=x+x €E xy€EH, x, EN,g=8+5 EF g EELE g i, we
have g(x) = g(x;) + g,(x;). Clearly F, and H, satisfy conditions (1), (2), (3) of
the hypothesis of the theorem and hence by the induction hypothesis there exists
a complexification C, of H, such that the elements of F, are C,-I homogeneous.
For x=x+Xx;, 5 € H, x, EN,, a €K, set ax = M(a,x) = Cy(a,x,)
+ M,(a, x,). Then the elements of F are M-I homogeneous. [

Let B be a real Banach algebra. An ideal I of B is said to be proper if
{0} # I # B. Bis said to be simple if B contains no proper two-sided ideals. The
center of B is the subalgebra C of all ¢ € B such that cx = xc for all x € B.

Lemma 3.1. Let B be a real simple Banach algebra with identity e and center C.
Then C is isomorphic (but not necessarily isometric) to R or K, and for x,y € B,
x # 0, there exist pyy ... s Pps Q15 +++s 4y € B, n € w, such thaty = pyxq, + - - -
t P X4y

Proof. Clearly the family I of all elements of B of the form 3 p;xgq,, where
DiseersPusQis++5qs € B, n € w,is a two-sided ideal of B. Now 0 # x = exe
€ I and thus I = B. _ '

Let 0 # x € C. Then 3 p;xq; = e for some py, ..., Pps Q15 --+»qs € B, n
€ w, and thus §x = x@ = e and § = x}, where § = X[ p;q; Clearly C is
closed in B and thus C is a normed field. Hence, from Theorem 3.1, C is
isomorphic to R or K.

Theorem 3.4. Let B be a real simple Banach algebra with identity e and F a linear
subspace of T(E, B) such that:

(1) For 0 # x € E, there exists f € F such that f(x) # 0.

(2)pfq € F, forf € F,p,q € B.

(3) No element of F has rank one.
Then d(E) is even and there exist complexifications M of E and N of B such that
the elements of F are M-N homogeneous.
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Proof. Let F, be a linear subspace of T(E,B), x, € E, f; € F, such that
fi(xo) # 0 and pfg € F, for p, q € B, f € F,. Then we shall find f, € F, such
that fy(x,) # 0 and range f; C C.

Now all elements of F, have rank n = d,(E) or less. Let f, be an element of F
which does not vanish at x,, of rank k, where k is minimal. Then there exist
PlseevsPmsQls<++>qm € B,m € 0, such that 3" pfi(xo)g; = e. Set fy
= X" pif,q. Now there exist x,, ..., x, € B such that the set {e, x;,...,x;}
generates range f,, Whence there exist r, ..., , € T(E,R) such that f, = re
+nx,+ e+ pxg.

Suppose one of x,,..., X, say x,, does not lie in C. For some s > 0, s
sufficiently large, s~!'x, + ¢, and hence x} = x, + se inverts. Then f, = rje
+ Xy + rx;+ -+ + .x, where | = r — sn. Set y = (x3)”! and set f; = f,y.
Then f;(xy) = fo(xo)y = ey =y # 0. Since x, & C, x; = x, + se & C and
thusy = (x3)™' @ C.Now f; = riy + ne + nxsy + -+ + r,x,y and there ex-
ists @ € B such that y, = ay # ya. Set f; = af; — fya. Then f,(x;) = ay — ya
# 0and fy = riy, + ny; + « -+ + iy, where y, = ax;y — x;ya fori =3, ...,
k. But then the rank of f; is a positive integer at most k — 1. Since k is minimal,
we have range fy C C, where fy(x,) = e.

Set J = {f € F;range f C C}. Then by the above argument, taking F, = F,
J is nonempty. Since no element of F has rank one, d,(C) > 1. Then from
Lemma 3.1, there exists an isomorphism 4 of K onto C. Fora € K, x € B, set
N(a,x) = f(a)x. Then N is a complexification of B. From Theorem 3.3,
n = d,(E) is even and there exists a complexification M of E such that the
elements of J are M-N homogeneous. Moreover d.(J) = n/2.

Let W be the family of all M-N homogeneous elements of F(E,B). Then
d[w N F(E,C)l =d,(E)-d.(C) = (n/2)-1 = n/2 and thus W N F(E,C)
=J.Clearly for 0 # x € B, F2 xJ = W N F(E,xC). Let g € W. Then g
has rank at most n and there exists a complex linear independent set x;, ..., x;
€ B, 1 < k < n, such that

EEWN FECx;® -+ & Cxy)
=[W N FECx)] @ - ®[W N F(ECx)]
—Jy® - @®Jx, CF,

and thus W C F.

Let f € F and set f(x) = f(ix) = f[M(i,x)]. We shall show that f; € F. Set
¢ = f—if. Then for x € E, ¢(ix) = f(ix) — if,(ix) = f(ix) + if (x) = ip(x),
and thus ¢ € W C F. Then f; = —i(f — ¢) € F. We note that if f € W, then
¢ =2f

Let G be the linear subspace {f; — if;f € F} of F. Then pGq C G for all
P, 9 € B.Suppose G #* {0}. Then, taking Fy to be G, we observe that there exists
0#f €GN FEC)CFN F(E,C)=J C W. Now for some g € F, f,
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=g —ig. Since ig+g =i(g—ig) EW, 28 =(g—ig) +(ig+g) =1
+ (ig+g) € W.Theng = —(g;); € W and thus g; = ig. But then f; = 0. Thus
G ={0}and f; = ifforall f € F, and thus F C Wand F = W.

4. Principal results. Theorems 4.1, 4.2, 4.3 treat the case when B has an identity
element. Theorem 4.1 handles the case when B is simple. Theorem 4.2 relates
conditions on F to conditions on Fy, the function algebra formed from F by
mapping B onto the quotient algebra B/M, where M is a maximal proper two-
sided ideal of B and B/M is simple. Theorem 4.3 handles the general case when
a suitable definition of semisimplicity is given allowing us to study F by studying
the quotient algebras F,. Theorem 4.4 handles the case when F has no identity
element and is a semisimple annihilator algebra in the terminology of Naimark
[71.

Let ¥ be a Banach space, Z,(R,R) C F(R,R), Z,(E,R) C F(E,R). Then Fis
said to have:

(1) A Z,(R,R) embedment if there exists x, € I, 0 # a € V such that F
contains all functions of the form A([x,x,])a where h € Z;(R,R) and [x,x,]
€ domain A.

(2) A Z,(E,R) embedment if there exists 0 # a € V such that aZ,(E,R)
= {ah;h € Z,(E,R)} C F.

Lemma 4.1. Let B be a Banach algebra with identity e, F a TR algebra of
F(E,B), g € T(E,R) such that 0 # ge € F. Then:

(1) F hasa P(R, R) embedment.

(2) If F is a TRG family, then F has a P(E, R) embedment.

(3) If F is a strongly closed TRGB family and B is simple and finite dimensional,
then F = F(E, B).

Moreover if H C F(E, B) is strongly closed and H contains a P(Z, R) embed-
ment, then H contains an F(Z, R) embedment for Z = R, E.

Proof. Suppose H is strongly closed, 0 # a € B, and aP(E,R) C H. Let
h € F(E,R). For n € w, set S, = {z € domain k; ||z — y|| > 1/n for all y
€ K — (domain h)}. Then S, C S, C S,,; C domain hforn € w. Let n € w.
Then from the Stone-Weierstrass theorem, there exists a sequence A, Ay, ... of
P(E,R), which converges uniformly on S, to 4 |S,, and thus ah|S, € H.
Whence letting n — o0, ah € H. Thus a P(E,R) C H. The argument for the
case of a P(R, R) embedment is similar.

We show (1). Now for some x, € T, r € R, we have rg(x) = [x,x,]e for
x € E. Clearly, fora, ..., a, € R,p € w, h(t) = 3§ a,t* for t € R, we have
hge = 3P a,gke = P a,(ge)* € F, and thus F has a P(R, R) embedment.

We now show (2). Let x;, ..., x, € T, n = d.(E), be a basis of E. Since G is
transitive and ge € F, we have fori = 1, ..., n, g;e € F, where g;(x) = [x, x;]
for x € E. Let h € P(E,R). Then for some collection {a(iy,...,in);i1s e« «5ip
=0,1,...,p,p € }of R, we have for x € E,
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P . .
h(x)e = X a(iy, ... i) [x,x ]+« [x,x,]"e
0
P . :
={$di il lgael foo,

and ke € F. Thus eP(E,R) C F.

We now show (3). Since F is strongly closed, eP(E,R) C F implies eF(E, R)
C F. Since F is a TRB family the constant function p lies in F for p € B, and
thus since B is finite dimensional, F(E,B) = B - F(E,R) = U,cppF(E,R) C F
and thus F = F(E,B).O0

Let B be a Banach space and F a TRL family of analytic functions of F(E, B).
Then F is said to be complexifiable if there exist subspaces V and W of E, and
complexifications M of V and N of By = Uy, range f, where Fy = {f| V;f
€ F}, such that:

)E=Vew.

(2) The elements of F are constant with respect to W, thatis, f € F, x, y € E,
y—x € W, [x,y] C domain f, implies f(y) = f(x).

(3) The elements of F, are M-N complex differentiable.

Theorem 4.1. Let B be a real simple Banach algebra with identity e and F a quasi-
closed TRB algebra of F(E, B). Then:

(1) F is a complexifiable elliptic TRLM family.

(2) F contains a P(R, R) embedment and there exists 0 # g € T(E, R) such that
ge € F.

Moreover if (2) holds and F is strongly closed, F contains an F(R, R) embedment.

Proof. Let F' be the family of all continuously differentiable functions of F
whose derivatives lie in F and let D be the family of all derivatives of elements
of F.Set V = {x € E;f(x) = 0 for all f € D). Then V is a linear subspace of
E. Let H be the orthogonal complement of V' in E. Then E = H & V, and clearly
for 0 # x € H, f(x) # 0 for some f € D.

Suppose there exists f € D such that f has rank one. Then for some § € F,
Xo € domain 0, g € T(E,R), « € B, we have f =6, and f(x) = g(x)a for
x € E. Since B is simple, from Lemma 3.1, there exist p;, ..., Di> @15+ -» Gk
€ B, k € w, such that 3f p;aq; = e. Since F is quasi-closed and a TRB family
we have from (2.1) that all constant functions of F(E,B) lie in F, and thus
St pifg; € Fand ge = 3f p,gag; € D. From Lemma 4.1, F contains a P(R, R)
embedment; and indeed an F(R, R) embedment, if F is strongly closed.

Set Dy, = {f| H;f € D} and suppose no element of D has rank one. Then no
element of D, has rank one and Dy and H satisfy the hypothesis of Theorem 3.1,
and hence from Theorem 3.4, there exist complexifications M of E and N of B
such that all elements of D, are M-N homogeneous. Then the elements of
Fo={f|H;f € F’} are M-N differentiable. Since the elements of Fy = {f
| H; f € F} can be locally uniformly approximated by sequences of elements of
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Fj, we have that the elements of Fy are M-N differentiable and thus, from
Theorem 3.2, F;,, and hence F, is a TRLM elliptic family. O

Let B be a Banach algebra, M a two-sided ideal of B, and F C F(E, B). Then
by 6, is meant the natural homomorphism of B onto B/M, and by F,, is meant
the family {6, f;f € F} of F(E,B/M).

Theorem 4.2. Let B be a Banach algebra with identity e, F a strongly closed TRB
algebra of F(E, B), and M a maximal proper two-sided ideal of B. Then:

(1) Fy is a complexifiable elliptic TRLM family of F(E, B/M); or

(2.a) Fy, contains a P(R, R) embedment; and

(2.b) there exists 0 # g € T(E,R), 6 € F(E,M), such that ge + ¢ € F.

Proof. Clearly B/M is simple and from Theorem 2.1, F, is a TR(B/M ) quasi-
closed algebra of F(E, B/M). Therefore, from Theorem 4.1, (1) holds, or (2.a)
holds and there exists g € T(E, R) such that 0 # ge € F,,. Now there exists
h € F such that ge = @h. Set 0 = h — ge. Then 0o = gb(e) — Oh = ge — ge
= 0 and thus ¢ € F(E,M). O

Let B be a Banach algebra. B is said to be strongly semisimple (s.s.s) if B is a
field or if the intersection of all maximal proper two-sided ideals of B is {0}. Note
[7] ordinary semisimplicity is defined in terms of one-sided ideals and is a weaker
condition.

B is said to be weak annihilator s.s.s. if B is a field or if the intersection of all
maximal proper two-sided ideals I of B, for which there exists 0 # ¢ € B such
that 61 = {0}, is {0}.

Theorem 4.3. Let B be a weak annihilator s.s.s. Banach algebra with identity and
F a strongly closed TRBG algebra of F(E,B). Then F contains an F(E,R)
embedment, or F is a TRL family of harmonic functions.

Proof. Suppose there exists a maximal proper two-sided ideal 7 of B, 0 # ¢
€ B, such that 6 = {0} and F is not a TRLM family. Then, from Theorem 4.2,
there exists 0 # g € T(E,R), p € F(E,I), such that ge + u € F. Whence
op = 0 and 0 # og = o(ge + p) € F, and hence from Lemma 4.1, since Fis a
strongly closed TRG algebra, F contains an F(E, R) embedment.

Suppose the contrary. Then since B is s.s.s, for 0 # x € B, there exists a
proper maximal two-sided ideal M of B such that x & M, and thus 6,(x) # 0.
Then, from Theorem 2.2, F is a TRL family of harmonic functions.

The following terminology is from Naimark [7]. Let B be a Banach algebra
(normed ring). B is said to have a continuous quasi-inverse if there exists a
continuous function # defined on a neighborhood S of 0 into B such that for
x € S, x’ = 0(x), we have x + x’ + xx’ = 0. B is said to be semisimple if the
intersection of all maximal proper left (right) ideals of B is {0}. B is said to be an
annihilator algebra if 6 B = {0} and By = {0} imply u, 6 = O for 4, 6 € B, and
for a proper left ideal J; and a proper right ideal I, of B, there exist0 # o, p € B
such that o, = {0} and 7, p = {0}.
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An element p € B is said to be an irreducible idempotent if 0 % p?> = p and
there do not exist 0 #* a, 8 € B, such that a? = a, 2 = B8, af = Ba = 0 and
p = a+ B. From Naimark [7], every nonzero right ideal of B contains an
irreducible idempotent p. Furthermore, if p is an irreducible idempotent of B,
then pBp is a normed field.

Theorem 4.4. Let B be a semisimple annihilator Banach algebra with a continuous
quasi-inverse and F a strongly closed TRGB algebra of F(E, B). Then F contains an
F(E, R) embedment, or F is a TRL family of harmonic functions.

Proof. Let 0 # x € B. Then xB # {0} and xB is a right ideal of B, and hence
must contain an irreducible idempotent p. Then xp = p for some p € B. For
t € B,setf (1) = ptpp. Then §,(x) = pxpp = p* = p # 0.Now E, = §.(F)isa
quasi-closed TR[6,(B)] algebra of F[E,4.(B)], and p € 6.(B) = pBpp is a
subalgebra of the field pBp, with identity p, and hence, from Theorem 3.1, pBp,
and hence 6,(B), is isomorphic to R or K and is therefore simple.

From Lemma 4.1, if F contains an F(R, R) embedment, F contains an F(E, R)
embedment. Suppose F does not contain an F(R,R) embedment. Let 0 # x
€ B. Then F, = pFpp C F for some p € B, and F, does not contain an F(R, R)
embedment. From Theorem 4.1, 6,(F) = F, is a TRGM algebra and 4,.(x) # 0.
Whence from Theorem 2.2, Fis a TRL family of harmonic functions.

5. Finite dimensional theory. In Theorem 5.1, we handle the case when B is
simple. The case of a s.s.s. algebra with identity, Theorem 5.2, reduces to the
simple case, since every such algebra can be shown to be the direct sum of simple
algebras. Theorem 5.3 handles the case when B is commutative and contains
nilpotent elements.

Theorem 5.1. Let B be a finite dimensional simple Banach algebra with identity,
and F a strongly closed TRGB algebra of F(E, B). Then:

(1) F = F(E, B); or

(2) F is an elliptic complexifiable TRLM family.
Thus the strong closure of an elliptic TRGBL family of F(E, B) (itself an elliptic
TRGBL family) is a maximal proper strongly closed TRGB algebra of F(E, B).

This theorem has as an immediate consequence, the characterization of
A(K, K) given in Theorem 7.1.
Proof. The proof follows immediately from Theorem 4.1 and Lemma 4.1.

Lemma 5.1. Let B be a finite dimensional s.s.s. Banach algebra. Then there exist
nontrivial two-sided ideals M,, . .., My, k € w, such that:

N)B=Meo:- &M,

Q@ MM, = {0} fori+#j,i,j=1,...,k

(3) M, is a simple Banach algebra fori = 1, ..., k.

(4) Fori = 1, ..., k, if B has an identity, then M; has an identity.
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Proof. Clearly there exists a minimal collection of maximal proper two-sided
ideals 1, ..., I, of B,k € w, such that NfI, = {0}. Thenfori # j,i,j=1,...,
k, the two-sided ideal M, = NL(p = 1,...,i— 1,i + 1,...,k) is nontrivial,
and M\M; C M; n M; C N{1, = {0} and thus the direct sum M, & --- & M,
may be defined.

Letp=1,...,k, and let 6, be the natural homomorphism of B onto B/L,
Then for x € M,, §,(x) = 0 implies x € I, and thus x € M, n I, = Nf],
= {0} and x = 0. Thus 8, = §, | M, is an isomorphism of M, onto an ideal
8,(M,) of B/, Since B/I, is simple, 8,(M,) = B/I, and M, is simple. If B has an
identity, then B/, and hence M,, has an identity.

Letx €EB,p+#¢pq=1,...,k and set x, = 5;'0,,(x) € M,. Then §,(x,)
= [6,8,'1[6,(x)] = 4,(x). Since x, € M, C I, §,(x,) = 0. Set x, = S x,. Then
for p=1.sky G(x—%) = (x) = G(x) = §(x) — Sk, 4(x) = )
—,(x,) = 6,(x) — §,(x) = 0 and x — xg € L. Thus x — x, € NI, = {0} and
x=x=0ThusB=M©o---0® M,

Theorem 5.2. Let B be a finite dimensional s.s.s. Banach algebra with identity and
F a strongly closed TRB algebra of F(E, B). Then:

(1) F contains an F(R, R) embedment; or

(2) F is an elliptic TRL family, and there exist complexifiable TRL subalgebras
R,...,RofF Lk € w,suchthat F=F®---® F.

Proof. Let M, ..., My, k € w, be a collection of ideals of B as given by
Lemma 5.1. Then for x € B, there exist fori = 1,..., k, x; € M, such that
x=x+-+x. Let p=1,..., k. Then ex =¢,x + -+ +ex,+ -
+ ¢.x, = 0+ ¢,x, + 0 = x,, where ¢, is the identity element of M,. Since Fis a
TRB family, the constant function e, lies in F, and thus e, F = {e,f;f € F} C F.
Clearly e, F is a TRM, quasi-closed algebra of F(E,M,), where M, is a simple
Banach algebra with identity. Suppose e, F contains a P(R, R) embedment for
anyp = 1, ..., k. Then F contains a P(R, R) embedment and, from Lemma 4.1,
F contains an F(R, R) embedment.

Suppose the contrary. Then, from Theorem 4.1, e, F is a complexifiable elliptic:
TRL family, and there exists an elliptic operator A, such that A,f = 0 for
feeF forp=1,...,k.For fE F,f=¢f+::-+¢f and thus F=¢F
®---@®eF, and Ayf = 0 for all f € F, where A, is the elliptic operator
A A

Now for x € U, f € F, U C domain f,

IS < 3 e < 3 suplle SOl € TIN G, Pl

k
<3 sup{lf (0)Il; ¢ € U}lle,IN(e, F)llx|
= Nosup{llf(9)ll;+ € U}llx|,
where Ny = 3f [l,|IN(e, F), and thus Fis a TRL family. [
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If B is a commutative Banach algebra, then the family of nilpotent elements of
B, N(B) = {x € B;x* = 0 for some k € w}, is an ideal of B.

Lemma 5.2. Let n € w and let B be a commutative Banach algebra of dimension
n. Then for N = N(B):

(1) B is s.5.5. with identity, if and only if N = {0}.

(2) If B # N, then B/N is s.s.s. and has an identity.

(3) For « € B, a & N, there exists B € B such that Ba # 0 and BN = {0}.

Proof. We prove (1). Suppose N # {0}. Then for some 0 # x € B, k € w, we
have x* = 0. Then for all maximal proper ideals M of B, B/M is a field and
0 = 6,,(0) = 0),(x*) = ), (x)*, and thus ),(x) = 0 and x € M. Thus x # 0,
lies in the intersection of all maximal proper ideals of B and B is not s.s.s.

Suppose N = {0}. Let 0 # x € B and consider the sequence B 2 xB 2 x*B
2 :--.Forsome k =1,...,n By = x*¥B = x*¥*'B. Now x*B = {0} implies
x¥*1 =0 and x € N = {0}. Thus B, # {0}. Now there exists an irreducible
proper ideal H of B lying in the ideal B, of B. For t € B, set L(f) = tx. Then
L € T(By, B,) and L(By) = xBy = x"*'B = x"B = By, and thus L is one-to-
one. Then L(H) # {0}. Thus {0} # xH C H, and from the minimality of H,
xH = H. Let 0 # ¢t € H. Then tH = {0} implies > =0 and ¢t € N = {0}.
Thus {0} # tH C Hand tH = H. Forsome p € H,tp =t. Let 0 # y € H.
Then for some a € H, ta = y and py = p(ta) = (tp)a = ta = y, and p is the
identity element of H. Let 0 # y € H. Then yH = H and yy’ = p for some
Y’ € H. Thus y has an inverse in H and H is a field.

Let M ={y € B;py = 0}. Then for z € B, y € M, p(zy) = z(py) = z-0
=0 and zy € M, and thus M is an ideal of B. Now H = xH = x(pH)
= (px)H, and thus px # 0 and x & M. Let y € B, and set y; = py and
y2=y—py.Theny, = py € yH C H and py, = p(y — py) = py — p’y = py
—py=0and y, € M. Fory € M N H, y € H implies py = y, and hence
y € Mimpliesy = py = 0.ThusB= H® M.Lety € B,y & M.Theny, # 0
and H = yH = ypH = H. Thus any ideal properly containing M is B. Set
H, = Hand M, = M.

Suppose B is not a field. Then for 0 # x € B, H, # B and thus M, # {0},
and hence M, is a maximal proper ideal of B excluding x. Thus B is s.s.s.

We show B has an identity. Suppose B = H, ® M,, where H, = H, and
M, = M, for some 0 # x € B. Now N(M}) C N(B) = N = {0}, and thus
M, = H, ® M,, where H, is a field and M, is an ideal of M, and hence M, is a
Banach algebra with N(M,) = {0}. Continuing we obtain a sequence of fields,
H,...H,k€wof Bsuchthat B=H ®---® H.Sete=¢ + -+ ¢,
where ¢; is the identity element of H; fori =1, ..., k.

We now show (2). Suppose for some y € B/N, k € w, y* = 0. Then for some
X € B, § = 6y, we have y = (x). Then 0 = y* = (x)* = 6(x*) and xk € N.
Then for some p € w, x* = (x¥)” = 0 and x € N. Thus y = fy(x) = 0 and
N(B/N) = {0}. Then our result follows from (1).
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We now show (3). Let a € B, a & N. If a™!N = {0}, choose 8 to be a™!.
Then BN = a™!'N = {0}, and Ba = a™*? # O since a & N.

Suppose a™! N 5 {0}. Then for some x € N, a®*'x # 0and k = d,(a"xB) is
minimal. Now 0 # a™'x € o"xB and k > 1. Let y € N. Say a™'xy # 0.
Then 0 # a"™!'xy € a"xyB C a"xB and, from the minimality of k, a"xyB
= a"xB. For some m € w, y™ = 0. But then {0} = y"a"xB = y™!(a"xyB)
= ymlg"xB = = o"xB and k = 0. Thus a"*‘xy =0 for all y € N and
BN = {0} for ,B = a"*‘x. Now a"B = a"*!B, and thus {0} # a"xB = a™'xB
= a"™?xB and Ba = a"*?x # 0.

Theorem 53. Let B be a finite dimensional commutative Banach algebra,
N = N(B), and F a strongly closed TR algebra of F(E, B). Then:

(1) F contains an F(R, R) embedment; or

(2) Fy is an elliptic TRL family and there exist complexifiable TRL algebras
R,....F of By, k € w, such that F, = F, ® -+ ® F. Moreover if B has no
nonzero nilpotent elements, then N = {0} and F;, = F.

Proof. Set By = U, range f. Omitting the trivial case when Ny = N(B,)
= B,, we have from Lemma 5.2 that B, = By/N, is s.s.s. with identity. Suppose
W= FNo contains a P(R, R) embedment. Then for some # € B,, g € T(E,R),
we have 0 # @gk € Wforallk € w. Letk € w. Then forsomeh € F, m € B,
0= oN , we have 0(h) = wg and f(m) = 7. Set ¢ = h — mg*. Then 8(o)
= f(h) — 0(7ro)g = qgk — gk = 0 and o € F(E, N,). Now from Lemma 5.2
since m & N,, there exists 8 € B, such that Bm # 0 and BN, = {0}. Then
Bo = 0 and F contains Bh = B[mg* + o] = Bmg*. Thus {Bmg*;k € w} C F
and F contains a P(R, R) embedment. Hence, from Lemma 4.1, F contains an
F(R, R) embedment.

‘Now suppose W does not contain a P(R, R) embedment. Then, from Theorem
5.2, W is an elliptic TRL family and there exist complexifiable TRL algebras
Wis ooos Weof W,k € w,such that W = W, @ - -- @ W,. Now there must exist an
isomorphism p mapping B, = By/N, into B/N. Since B is finite dimensional, p
must be a homeomorphism. Thus F= F ® --- ® F, where F;, = uW, is a
complexifiable TRL algebra fori = 1, ..., k.

6. Applications to integrable functions. Let B be a commutative subalgebra of
T(E,E). An element f of F(E,B) is said to be integrable if 0 = f¢ f(z)dz
= [ f.(dz) for all contours C lying in simply connected open subsets of domain
f. From [4], [5], the family I(E, B) of integrable functions of F(E, B) is a strongly
closed TRB algebra of F(E, B).

To handle the classical case of integrable maps from K to K, set £ = K, and
set B = {L,;x € K}, where L,(¢{) = xt for x, t € K. Then I(K, K) is a strongly
closed TRK algebra of F(K, K). By direct computation F = I(K, K) is a o family
and j € F and j € F, where j(z) = z and j(z) = z for z € K. j & F implies
F # F(K,K) andj € F implies that F possesses a nonconstant element. Hence,



ANALYTIC OPERATOR VALUED FUNCTIONS 237

from Theorem 8.1 (given below), F = AK, K) or A(K, K). Since JeF, F =
AKX, K).

We now give another proof of a theorem of [4]. We first prove a lemma
adapted from a lemma of [4].

Lemma 6.1. Let g € T(E,R), a € B, such that f = ga is integrable. Then ga
vanishes identically on E.

Proof. For x € E, set
Ho) = [T 1@t = [ fsx)(xds) = [ gloxlaxas)

= g(a(x) [ sds = g(alx2™".
Let x, y € E; then since f is integrable,
g@a(y) = [f(]() = lim[A(x + ry) = Kx))r~!
= lim[g(x + )alx + 1) — g(Ja(x)]2N™
= lim{[g(x) + rg(M]la(x) + ra(y)] - g()a()}™
= [g(Y)alx) + g()al»)]27".

Thus g(x)a(y) = g(y)a(x) forall x, y € E.

Suppose g # 0. Then g(x,) = 1 for some x, € E. Set # = a(x,). Then for all
X € E, a(x) = a(x)g(xy) = a(xo)g(x) = g(x)m € {rm;r € R} and a has rank
one or zero, contradicting the hypothesis of the lemma. Thus g = 0.

Theorem 6.1. Let N = N(B) and F = I(E, B). Then if no element of B has rank
one, then,

(1) F contains an F(R, R) embedment; or

(2) Fy is an elliptic TRL family and there exist complexifiable TRL algebras
R,...,FRof fy,k € w,suchthat iy = F® --- ® F,.

Proof. From Lemma 6.1, F does not contain a P(R, R) embedment, and hence
the theorem follows from Theorem 5.3.

7. “Weak” and “strong” analyticity.

Theorem 7.1. Let B be a Banach algebra and F a strongly closed TRB algebra of
F(E, B) such that one of the following holds:

(1) B is simple with identity.

(2) B is weak annihilator s.s.s. with identity and F is a G family.

(3) B is annihilator semisimple with a continuous quasi-inverse and F is a G family.

(4) B is finite dimensional and s.s.s. with identity.

(5) B is commutative and N(B) = {0}.
Then F is elliptic if and only if LF is elliptic for all L € B* = T(B,R).
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If F is elliptic, then for 0 & L € B*, LF is analogous to the family RA of
harmonic functions of F(K,K), where A = A(K,K), R € T(K,R) and R(a + bi)
=g fora+ bi € K.

Proof. If Fis not elliptic, then from Theorem 4.1, 4.3, 4.4, 5.2 or 5.3, there exists
0 # a € B, x; € T, such that F contains all functions of the form A([x, xo])e,
where h € F(R,R), x € E. By the Hahn-Banach theorem, there exists L € B*
such that L(a) # 0 and LF contains an F(R, R) embedment.

If Fis elliptic, there exists an elliptic differential operator P such that Pf = 0
for all f € F, and hence P(L(f)) = L(P(f)) = L(00)=0 for all fE F, L
€ B*.

8. Characterization of A(K, K).

Theorem 8.1. If F is a strongly closed TRKo algebra of F(K, K) with nonconstant
elements, then F is F(K,K) or A(K,K) or A(K,K).

Proof. Suppose F # F(K,K). Then from Theorem 5.1, there exist linear
subspaces H and V of K and a complexification M of Hsuchthat K= He® V
and the elements of the family D of derivatives of elements of { f | H;f € F} are
M-I homogeneous. Since F contains nonconstant elements, D # {0}, and thus
H = Kand V = {0}. Trivially D # T(K,K).Letg € Dsuchthatg(l) = 1and
set Dy ={cg;c € K} C D # T(K,K). Now 1 = d,(D,) < d.(D) < d.[T(K,
K)] = 2 and thus D, = D.

Since Fis a o family and g € F, g; € F and clearly g; € D. Since D = D,,
there exists p € K such that g, = pg. Now —1 = g(-1) = g(i?) = g(i)
= pg(i) = p*g(1) = p2 Thus p = &i, wheree = *1. Then forz = a + bi € K,
gla+bi) =ag(l) + bg(i) =[a+ bplg(l) =a+ebi, and g(z) =z if e =1
and g(z) =zife = —1.

Suppose ¢ = +1. Then az = ag(z) = g[M(a,z)] = M(a,z) fora, z € K and
hence M = I Thus the elements of F are I-I differentiable and F C A(K, K). Now
all polynomials in g(z) =z lie in F and thus A(K,K) C F. Whence F
= A(K, K).

The argument for the case when ¢ = —1 is similar.

Theorem 8.1 yields and motivates many other characterizations of A(K, K).
We observe that trivially A(K, K) is a TRKo algebra of F(K, K). The property
of strong closure of A(K, K) is a nontrivial result of complex function theory. Let
F be a TRKo algebra with nonconstant elements. Then any property of the
elements of F which is not true for all f € F(K, K) and which can be shown to
be preserved under uniform convergence insures that the strong closure F of F
is not F(K,K) and hence that F C Fy = A(K,K) or A(K,K). Some such
properties, setting E = K, are:

(8.1) Fis maximum modular.

(8.2) (Topological analysis [8]). f € F, U C domain f, fy = f| T, implies p(f)
> 0, where p(f;) is the topological index (winding number) of f, about zero.
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(8.3) (Mean value property). f € F, U C domain f, implies g[U]™! f7 f(x) du(x)
= £(0).

(8.4) The elements of F are twice continuously partial differentiable and satisfy
Laplace’s equation.

(8.5) (Integrability). f € F, U C domain f, implies [ f(z)dz = 0 for all closed
contours C C U.

(8.6) (Distribution theory [3]). The elements of F are weak solutions of Laplace’s
equation, i.e. fz f(z)Au(z)du(z) = O for all f € F and all infinitely differentiable
functions u on FE into R supported on a compact subset of domain f.

The program of topological analysis of G. T. Whyburn, and P. Porcelli and E.
H. Connell [8] to develop complex function theory by topological methods starts
by deducing (8.2) for A(K, K). (8.1), the maximum modularity of A(K, K), then
follows immediately. Simple arguments employing (8.1) and the fact that A(K, K)
is a ¢ algebra of F(K,K) are used to show that the elements of A(K, K) have
power series expansions, etc.
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