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ABSTRACT. This paper proves and generalizes the following characterization of the

algebra A(K,K) of complex analytic functions on open subsets of the complex plane K into

K to the case of algebras of functions on a real Euclidean space E into a real Banach

algebra B.
Theorem. Let F(K, K) be the algebra of all continuous functions on open subsets of K into

K, and F a subalgebra of F(K, K ) with nonconstant elements such that Ufs F range / = K, F

is closed under uniform convergence on compact sets and domain transformations of the form

z->z„ + za, z, z0, o E K. Then F is F(K, K) or A(K, K) or I(K, K) = {/;/ E A(K, K)).

In the general case conditions on B are studied that insure that either F contains an

embedment of F(R,R) and thus contains quite arbitrary continuous functions or that the

elements of F are analytic and F can be expressed as a direct sum of algebras F¡, ..., F„

such that for i = I,..., n, there exist complexifications M, of E and Nt of U/e/¡ range/,

such that with respect to M¡ and N¡ the elements of F, are complex differentiate.

1. Our motivation comes from a previous paper of this author [3] in which it is

shown that if Fis a linear subspace of F(E,R) closed under uniform convergence

and domain transformations of the form z -» z0 + rz, z, z0 E E, r > 0, then F

has an embedment of F(R,R) or the elements of F satisfy an elliptic partial

differential equation.

In §2, we observe from [2] that the elements of the function algebras under

study can be locally uniformly approximated by continuously differentiable

elements of F, the family of whose (Fréchet) derivatives, D, lies in F. Our study

then reduces to the purely algebraic study of D considered as a linear subspace

of the space of linear transformations on E into B. This study, which may be

considered the core of the paper is given in Theorems 3.2 and 3.3.

From the standpoint of real variables if the elements of Fare complex analytic,

then the elements of D have even rank. Conversely, if no element of D has rank

one, then complexifications M of E and N of B can be found so that with respect

to M and N the elements of D are complex homogeneous, thus yielding that the

elements of F can be locally uniformly approximated by continuously complex

differentiable functions of F and hence are themselves continuously complex

differentiable.
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The basic results of this paper are stated and proven in §4. No restriction is

placed on the dimension of 77 in this section.

The theory for the case when 77 is finite dimensional is given in §5.

Applications to the theory of integrable functions are given in §6. A new proof

of a theorem of [4] as well as a new proof of Morera's theorem is given.

The characterization of A(K, K) is proven and discussed in §8.

2. Notation and preliminaries. Let R denote the real numbers and w the positive

integers. For n E co, let E„ be a real Euclidean space of dimension n. Throughout

this paper E shall denote Eß for some fixed ß E u and G shall denote a fixed

transitive subgroup of the rotation group G(E) of E. Set U = {x E E; \\x\\ < 1}

and T = {x E E; \\x\\ = 1).
Let V and W be Banach spaces and let F(V, W) denote the space of all

continuous functions on open subsets of V into W. Let T(V, W) and P(V, W)

represent respectively the spaces of linear elements and of polynomial elements

of F(V, W) with domain V.

Let 77 be a Banach space and F C F(E, 77). F is called a TR family if:

(!)/+£ G F for / g G F (where addition is defined on the intersection of

domain / and domain g).

(2)rf E F for/G F, r E R.

(3) For / G F, S an open set lying in domain / the restriction /1 S of / to 5

lies in F.

(4) For/ G F, x0 E E, r > 0, we have g E F, where g(x) = f(rx + x0) for all

x E E such that rx + x0 G domain /

F is said to be:

(1) A 77 family if U/eF range / = 77.

(2) A G family iifgE F for all/ G F, g G G.
(3) An Af (maximum modular) family if / G F, the closure U oí U lies in

domain/ x G U, implies \\f(x)\\ < sup{||/(r)||;r G T}.

(4) A a family if E = Kand for/ G F, a E K,fa G F, where/(z) = f(az) for

ail z E a~l (domain/).

Fis said to be strongly closed if F contains all functions/ G F(E,B) such that

there exists a sequence/ ,f2,... oî F such that:

(1) Domain/ C domain/+, for i E co.

(2) Domain/ = U£, domain/,

(3) For n E co and 77 a compact subset of domain/, the sequence/,/+,, ...

converges uniformly on 77 to/1 H.

Let F be a strongly closed TR family of F(E, 77) and let/ G F. Then from [2]:

(2.1) For c E range / the constant function c lies in F(E,B).

(2.2) If H is a compact subset of domain / with interior S, then there exists a

sequence /,/2, ... of continuously differentiable elements of F with common

domain S, which converges uniformly on 77 to/1 77, such that for n G co, x E S,

the (Fréchet) derivative (fn)'x of / at x lies in F.
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A family F Q F(E, B) is said to be quasi-closed if F satisfies (2.1) and (2.2).

The proof of the following theorem is elementary.

Theorem 2.1. Let B and C be Banach spaces, F a quasi-closed TR family of

F(E, B) and 0 E T(B, C). Then 9F = {0(f); f E F) is a quasi-closed TR family

ofF(E,C).

Thus the property of quasi-closure is preserved under continuous homomor-

phisms, something not true for the property of strong closure.

A TR family F Ç F(E,B) is called a TRL family [1], [2], if there exists

N = N(F) > 0 such that/ E F,U Q domain/ x E U, implies

\\f(x)-f(0)\\<N\\x\\sup{f\\t\\;tEÜ}.

In [1] it is shown that the elements of TRL families are real analytic functions

expandable in power series.

Let F be a TRL family of F(E, B). F is said to be elliptic if there exists an

elliptic differential operator A^, such that Af(/) = 0 for/ e F.

We observe that if F is elliptic then the strong closure of F (the intersection of

all strongly closed TR algebras of F(E,B) containing F) is elliptic.

Theorem 2.2. Let B be a Banach space, 0 a family of continuous linear maps of

B into Banach spaces, and F a strongly closed TRG family of F(E,B) such that:

(\) For 0 ¥= x E B, there exists 0 E 0 such that 0(x) ¥= 0.

(2) 0F is a TRGM family of F[E, 0(B)] for 0 E 0. Then F is a TRL family of
harmonic functions.

Proof. Let f E F, U ç domain/ and set h(x) = Sg fgix) dnig) for x E V,

where it is normalized invariant measure on G. Since F is strongly closed,

h | U E F. Since G is transitive, h(x) = h(y) for all x, y E T. Let *0 e T,

x E U. Then for all 0 E 0, 0F is maximum modular and

\\0[h(x) - h(x0)]\\ < sup{||fl[A(0 - h(x0)]\\;t E T) = 0,

and hence by condition (1) of the hypothesis h(x) - h(x0) = 0. Thus h is

constant. Then [6]

/(0) = h(0) = cf_h(x)dp(x) = cfvfcfg(x)dit(g)dpix)

= cJGjufsix)dpix)ditig) = cjGjvf(x)dp(x)dit(g)

= c juf(x)dp(x),

where p is Lebesgue measure on E and c = p(U)~l.

By direct computation [1], [6], F is a TRL family of analytic functions. Since

Fis strongly closed, for/ E F, x E domain/ the second (Fréchet) derivative of

f&txJP E Fand
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a/m = ßc ¡jp^dpd) =/;2>(o) = o.

3. Complexification theory. Let F be a real Banach space and M a continuous

bilinear mapping of KX V into V. M is called a complexification of V if

M(\,x) = x and M(zw,x) = M[z,M(w,x)] for x E V, z,w E K. Let W be a

Banach space and M and N complexifications of V and W respectively. An

element L of T(V, W) is said to be M-N (complex) homogeneous if L(ax)

= L[M(a,x)] = N[a,L(x)] = aL(x) for all x G V, a E K. A differentiable

element/ of F(V, W) is said to be M-N (complex) differentiable if f'x is M-N

(complex) homogeneous for all x E domain /

We note that it is not necessarily true for a complexification M oí V that

[|«jc|| = ||A/(a,x)|| = |a| • ||x|| for a G K, x E V. Indeed for a + bi E K, [x,y]

G R2, set (a + bi)[x,y] = [ax - by,ay + bx] and ||[*,y]|| = ||x|| + ||y||. Then

||(1 + i) • [1,0]|| = ||[1,1]|| = 2 and |1 + i\ ■ ||[1,0]|| = yfi.
If for a + bi E K, we set \a + bi\0 = |a| + |ft|, then A' becomes a normed field

K0 isomorphic (but not isometric) to K such that in general |zw|0 ¥= |z|0|h>|0 for

z,wE K0.

We observe that two different complexifications of a space may be wholly

incompatible. For a + bi E K, p = [rx,r2,r3,rA] E R4 = F4, set

Mx(a + bi,p) = [arx — br2,ar2 + brx,ari - br4,ar4 + br3],

and

Af2(a + bi,p) = [arx — br3,ar3 + brx,ar2 — br4,ar4 + br2].

Then for e = [1,0,0,0], Ke = {ae; a G A} is either the subspace {[a, b, 0,0]; a, b

E R} or the subspace {[a, 0,6,0]; a, b E R) of R4 = £4.

Theorem 3.1. If N is a normed field over R, then N is isomorphic (but not

necessarily isometric) to R or K.

Proof.  Suppose for some a,b EN,bi=0,a2 +b2 = 0. Then (a/b)2 = - 1 and

N contains a subfield N0 isomorphic to K. From [7], N = N0.

Suppose the contrary and set fora + bi E K, [vx,v2], [wx,w2] E N2 = N X N,

\\[v\,v2]\\ = \\vx\\ + ||l>2|l>

[vx,v2] + [wx,w2] = [vx + wx,v2 + w2],

(a + bi) ■ [vx,v2] = [avx - bv2,av2 + &/,],

[vx,v2] ■ [wx,w2] = [vxwx - v2w2,vxw2 + v2wx].

Then N2 is a complexified Banach algebra. For 0 ¥= [v,w] G 7V2, we have

v2 + w2 =¿ 0 and
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[v,w] ■ [v(v2 + w2)~l,-w(v2 + w2)-1] = [e,0],

and thus N2 is a normed field over K and from [7], N2 is isomorphic to K. Thus

K-[e,0] = {(a + bi) • [e,0];a + bi E K] = {[ae,be];a,b E R) = N2 = NX N

and thus N is isomorphic to R.

Theorem 3.2. Let B be a Banach space and M and N complexifications

respectively of E and B and F a TR family of M-N differentiable functions of

F(E, B). Then F is an elliptic TRLM family.

Proof. We first renorm E. Let ex, ..., e„, n E u>, be a complex basis of E and

for x = To a,e, - 2S M(a„e,) E E, a„ ..., a„ E K, set ||x||o = [2S |«,|2]1/2.

Let / e F, U Q domain/ x E U, let L E T(E,R) and set L'(z) = L(z)

- iL(iz) = L(z) - iL [N(i, z)] for z E B. Then Z,' is M-N complex homoge-

neous. We note that \\L'\\ is not necessarily equal to ||L||. Then g = L'/can be

considered as a complex differentiable function of F(Kn/2,K). Then the real part

of g, Lfi is a harmonic function and

\Lf(x)\ < sup{\Lf(t)\;t ET)< ||L||sup{||/(/)||;r 6 T}.

Since L is arbitrary, \\f(x)\\ < sup{||/(/)||;/ E T} and thus F is maximum

modular. D

We now come to two purely algebraic complexification theorems which may

be considered the core of the paper. We first complexify E and linear subspaces

of T(E, K) and then generalize to the case of E, and a simple Banach algebra

with identity B.

For H a real linear space and W a complex linear space, let dr(H) denote the

real dimension of H and dc(W) denote the complex dimension of W. Then

dc(W) = 2dr(W). Set I(ax,a2) = axa2 for <xx, a2 E K.

Theorem 33. Let n E u> and let F be a linear subspace of T(En,K) such that:

(1) Forf E F,c E K,we have cf E F.

(2)f has (real) rank zero or two, for f E F.

(3) For 0 # x E £, there exists f E F such that f(x) ¥= 0. Then n is even and

there exists a complexification M of E such that all elements of F are M-I

homogeneous.

Proof. We proceed by induction on n. The theorem is trivially true for n = 0.

Suppose it holds for all spaces of dimension less than n for some n E w. Set

ZV, = En and let 0 ¥= xx E Nx. Then for some / E F, fx(xx) ¥= 0. Set yV2

= [x E Nx ;fx(x) = 0). Continuing we obtain a sequence of linear subspaces of

E, E = Nx D N2 D • • • D Np+X = {0}, x,.xpE E,fx,...,fpEF,p Eu,
such that x¡ E Nh/(*,) ¥= 0 and Ni+X = [x E N¡;f¡(x) = 0} for i = 1.p.

Suppose 2f c¡f¡ = 0 for some cx, ..., cp E K. Then for i = 1, ..., p - 1, we

have xpE NpC N, and /(*,) = 0, and thus 0 = Sf"1 cjt(xp) + cpfp(xp)
= cpfPixp) and cp = 0. Then 0 = 2o"1 cJ¡ixP-\) and tyi = 0. Continuing we
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obtain c,, ..., cp = 0. Thus for the complex linear space F0 of F, generated by

/,...,/, dc(F0) = p and dr(F0) = 2p.

Now for /= I, ...,p,fi\ N¡ has rank at most two and hence dr(Ni+x)

= dr{x E Nr,f,(x) = 0} > dr(N) - 2. Thus 0 = ¿,{0} = dr(Np+l) > dr(N)
— 2p = dr(E„) — 2p = n — 2p and dr(FQ) = 2p > n.

Now the elements of V = T(E„,R) have rank zero or one and hence

V n F = {0}, and thus dr(F) < dr[T(E„,K)] - dr(V) = 2« - n = n. Whence

n < dr(F0) < dr(F) < n and hence F = F0 and dr(F) = «.

Now (0} = Np+l = {x E Np;fp(x) = 0} and hence g = fp \ Np is one-to-one

on Np onto K. For a G A, x E Np, set ax = Mp(a,x) = g~][ag(x)]. Then Mp is

a complexification of Np and / is A^,-7 homogeneous.

Set Hp = {x E E;fp(x) = 0), set Fp = {2/""' cj,ic„.. .,c,_, G A} and set

<* = {cfplc e ^0- Then E = Hp®Np and since F = F0, F = Tj; © Gp. Now for

je G Hpffa) = 0 and for x E Np,f¡(x) = 0 for i = 1, ...,/>- 1, and thus for

x = xx + x2 E E, xx E Hp, x2 E Np, g = g\+ g2E F, gx E Fp, g2 E Gp, we

have g(x) = gx(xx) + g2(x2). Clearly Fp and 77^ satisfy conditions (1), (2), (3) of

the hypothesis of the theorem and hence by the induction hypothesis there exists

a complexification Cp of Hp such that the elements of Fp are Cp-I homogeneous.

For x = xx + x2, xx E Hp, x2 E Np, a E K, set ax = M(a,x) = Cp(a,xx)

+ Mp(a,x2). Then the elements of F are M-I homogeneous. D

Let 77 be a real Banach algebra. An ideal 7 of 77 is said to be proper if

{0} ¥= I ¥= 77. 77 is said to be simple if 77 contains no proper two-sided ideals. The

center of B is the subalgebra C of all c E B such that cx = xc for all x E 77.

Lemma 3.1. Let B be a real simple Banach algebra with identity e and center C.

Then C is isomorphic (but not necessarily isometric) to R or K, and for x, y E 77,

x =£ 0, there exist px, ...,pn, qx, ..., qn E 77, n E co, such that y = pxxqx + • • •

+ Pnx1n-

Proof. Clearly the family 7 of all elements of 77 of the form "2," p¡xq¡, where

px, ..., p„, qx, ..., qn E 77, n E co, is a two-sided ideal of 77. Now 0 ¥= x = exe

E I and thus I = 77.

Let 0 # x E C. Then 2"P¡xq¡ = e for some px, ...,p„, qx, ..., q„ E 77, n

E co, and thus 9x = x9 = e and 9 — x~l, where 9 = 2" Pili- Clearly C is

closed in 77 and thus C is a normed field. Hence, from Theorem 3.1, C is

isomorphic to 7? or K.

Theorem 3.4. Let Bbea real simple Banach algebra with identity e and F a linear

subspace of T(E, 77) such that:

(1) ForO ¥= x E E, there exists f G F such that f(x) # 0.

(2)pfq G F,forf E F,p, q E 77.
(3) No element of F has rank one.

Then dr(E) is even and there exist complexifications M of E and N of B such that

the elements of F are M-N homogeneous.
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Proof. Let F0 be a linear subspace of T(E, B), x0 E E, / E F0, such that

f\ixo) *£ 0 and pfq E F0 for p, q E B, f E F0. Then we shall find fQ E F0 such

that/0(x0) ¥= 0 and range/, Q C.

Now all elements of F0 have rank n = dr(E) or less. Let/2 be an element of F0

which does not vanish at x0, of rank k, where k is minimal. Then there exist

P\, ■ ■ ■,pm, q\, ■ ■., qm E B, m E u, such that 2PPJiixo)<li = e. Set /,

= 2!" PihQi- Now there exist x2, ..., xk E B such that the set (e, x2,... ,.**}

generates range /0. Whence there exist r,, ..., rk E T(E,R) such that /0 = rxe

+ r2x2+ ••• + rkxk.

Suppose one of x2, ..., xk, say x2, does not lie in C. For some s > 0, s

sufficiently large, s~xx2 + e, and hence x'2 = x2 + je inverts. Then /0 = rje

+ r2x2 + r3x3 + ■•• + rkxk, where r\ = rx - sr2. Set y = (x'2)~x and set/3 = f0y.

Then /3(jc0) = foixo)y = ey = y # 0. Since x2 £ C, ¿c2 = x2 + se £ C and

thus.y = ix'2)~x £ C. Now/3 = r\y + r2e + r3x3y + • • • + rkxky and there ex-

ists a E B such that y, = ay ¥= ya. Set/ = a/3 — /3a. Then/(x0) = ay — ya

¥= 0 and / = r\yx + r3y3 + • • • + rkyk, where v, = axty - x¡ya for / = 3, ...,

k. But then the rank of / is a positive integer at most k — 1. Since A: is minimal,

we have range/0 ç C, where/0(x0) = e.

Set J = {/ E F; range/ QC). Then by the above argument, taking F0 = F,

J is nonempty. Since no element of F has rank one, dr(C) > 1. Then from

Lemma 3.1, there exists an isomorphism f? of Zi onto C. For a E K, x E B, set

A*(a,*) = 0(a)x. Then TV is a complexification of B. From Theorem 3.3,

n = dr(E) is even and there exists a complexification M of E such that the

elements of/ are M-N homogeneous. Moreover dc(J) — n/2.

Let W be the family of all M-N homogeneous elements of F(E, B). Then

dc[W n F(E,C)] = dc(E) ■ dc(C) = (n/2) • 1 = n/2 and thus W n F(F,C)
= /. Clearly forO#*eZi, f2xi=(fn F(E,xC). Let g €E W. Then g

has rank at most n and there exists a complex linear independent set xx, ..., xk

E B, 1 < k < n, such that

g E w n F(E, Cxx © • ■ • © Cxk)

= [W n F(F,Cx!)] © • • • © [W n F(E,Cxk)]

= Jxx ® ■ ■ ■ ® Jxk Q F,

and thus IF Q F.

Let/ e F and set/(x) - f(ix) = f[M(i,x)]. We shall show that/ E F Set

<t>=f- if. Then for x E E, <b(ix) = f(ix) - ifi(ix) = f(ix) + if(x) = i<¡>(x),
and thus <b E W Q F. Then/ = -/(/-</>) e F We note that if / e W, then

* = 2/.
Let G be the linear subspace {/• - //;/ E F) of F Then pGt? ç G for all

p,qEB. Suppose G ¥= {0}. Then, taking F0 to be C, we observe that there exists

0 ¥= /o E G n F(F, C)Çffl F(F, C) = J Q W. Now for some g E F, f0
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= g, - 'S- Since ig + g¡ = i(g - ig¡) G W, 2g¡ = (g, - ig) + (ig + g¡) = /„

+ fe + g¡) G W- Then g = -(g,),- G Wand thus g, = ig. But then/, = 0. Thus

G = {0} and/ = //for all/ G F, and thus F C Wand F = W.

4. Principal results. Theorems 4.1, 4.2, 4.3 treat the case when 77 has an identity

element. Theorem 4.1 handles the case when 77 is simple. Theorem 4.2 relates

conditions on F to conditions on FM, the function algebra formed from F by

mapping 77 onto the quotient algebra B/M, where Af is a maximal proper two-

sided ideal of 77 and 77/M is simple. Theorem 4.3 handles the general case when

a suitable definition of semisimplicity is given allowing us to study F by studying

the quotient algebras FM. Theorem 4.4 handles the case when F has no identity

element and is a semisimple annihilator algebra in the terminology of Naïmark

[7].
Let Kbe a Banach space, ZX(R,R) Q F(R,R), Z2(E,R) C F(E,R). Then Fis

said to have:

(1) A ZX(R,R) embedment if there exists x0 E T, 0 ¥= a G V such that F

contains all functions of the form h([x,x0])a where h E ZX(R,R) and [x,x0]

E domain h.

(2) A Z2(E,R) embedment if there exists 0 ¥= a E V such that aZ2(E,R)

= {ah;h E Z2(E,R)) C F.

Lemma 4.1. Let B be a Banach algebra with identity e, F a TR algebra of

F(E,B), g E T(E,R) such that 0 ¥= ge E F. Then:

(1) F has a P(R, R) embedment.

(2) If F is a TRG family, then F has a P(E,R) embedment.

(3) If F is a strongly closed TRG B family and 77 is simple and finite dimensional,

then F = F(E,B).

Moreover if H C F(E, 77) is strongly closed and H contains a P(Z, R) embed-

ment, then H contains an F(Z,R) embedment for Z = R, E.

Proof. Suppose H is strongly closed, 0 ¥= a E 77, and aP(E,R) Q 77. Let

h E F(E,R). For n E co, set Sn = [z E domain A; ||z -y|| > \/n for all y

E K — (domain h)}. Then Sn ç S„ Q S„+x Q domain A for« G co. Let « G co.

Then from the Stone-Weierstrass theorem, there exists a sequence h„, h„2, ... of

P(E,R), which converges uniformly on S„ to h | Sn, and thus ah \ Sn E H.

Whence letting n -» oo, ah E H. Thus aP(E,R) ç 77. The argument for the

case of a P(R, R) embedment is similar.

We show (1). Now for some x0 E T, r E R, we have rg(x) = [x,x0]e for

x E E. Clearly, for a,, ..., ap E R, p E co, h(t) = 2o ak(k f°r r G 7?, we have

hge = 2o akgke = So ak(ge)k G F, and thus F has a P(R,R) embedment.

We now show (2). Let xx, ..., x„ E T, n = d,(E), be a basis of E. Since G is

transitive and ge E F, we have for / = 1, ..., n, g¡e E F, where g¡(x) = [x,x¡]

for x E E. Let h E P(E,R). Then for some collection {a(ix,...,in);ix,...,in

= 0,1,... ,p,p E co} of 7?, we have for x E E,
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P

h(x)e = 2 aiix,... ,/„)[*,Xi]'1 • • • [x,x„]'"e
0

= {| a(ix,...,in)[gxe]'''---[gnef}(*),

and he E F. Thus ePiE,R) Q F.

We now show (3). Since Fis strongly closed, eP(E,R) Q F implies eF(E,R)

Q F. Since F is a TRB family the constant function p lies in F for p E B, and

thus since B is finite dimensional, F(E,B) = B • F(E,R) = UpeBpF(E,R) Q F

and thus F = F(E,B).D

Let B be a Banach space and F a TRL family of analytic functions of F(E, B).

Then F is said to be complexifiable if there exist subspaces V and W of E, and

complexifications M of V and N of B0 = U/efo range / where F0 = {/| F;/

e F}, such that:

(1) E = V © IF.
(2) The elements of Fare constant with respect to W, that is,/ E F, x, y E E,

y — x E W, [x,y] £ domain / implies f(y) = f(x).

(3) The elements of F0 are M-N complex differentiable.

Theorem 4.1. Let Bbea real simple Banach algebra with identity e and F a quasi-

closed TRB algebra ofF(E,B). Then:

(1) F is a complexifiable elliptic TRLM family.

(2) F contains a P(R,R) embedment and there exists 0 # g E T(E,R) such that

ge E F.

Moreover if (2) holds and F is strongly closed, F contains an F(R, R) embedment.

Proof. Let F' be the family of all continuously differentiable functions of F

whose derivatives lie in F and let D be the family of all derivatives of elements

of F'. Set V = {x E E;f(x) = 0 for all/ E D). Then F is a linear subspace of

E. Let H be the orthogonal complement of V in E. Then E = H © V, and clearly

for 0 ¥= x E H,f(x) i± 0 for some/ E D.

Suppose there exists / E D such that / has rank one. Then for some 9 E F',

x0 E domain 0, g E T(E,R), a G Zi, we have / = 0'x¡¡ and f(x) = g(x)a for

x E E. Since B is simple, from Lemma 3.1, there exist px, ...,pk, qx, ..., qk

E B, k E to, such that 2f P¡<*-q¡ — e. Since Fis quasi-closed and a TRB family

we have from (2.1) that all constant functions of F(E,B) lie in F, and thus

2* P¡0q¡ E Fanage = 2* P¡Sa1¡ e L>. From Lemma 4.1, F contains a P(R,R)

embedment; and indeed an F(R,R) embedment, if Fis strongly closed.

Set D0 = {/1 H;f E D) and suppose no element of D has rank one. Then no

element of D0 has rank one and D0 and H satisfy the hypothesis of Theorem 3.1,

and hence from Theorem 3.4, there exist complexifications M of E and N of B

such that all elements of D0 are M-N homogeneous. Then the elements of

F'o — {f\ H;f E F'} are M-N differentiable. Since the elements of F0 = {/

| H;f E F) can be locally uniformly approximated by sequences of elements of
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F0, we have that the elements of F0 are M-N differentiable and thus, from

Theorem 3.2, F0, and hence F, is a TRLM elliptic family. □

Let 77 be a Banach algebra, M a two-sided ideal of 77, and F C F(E,B). Then

by 9M is meant the natural homomorphism of 77 onto 77/Af, and by FM is meant

the family {9Mf,f E F) of F(E,B/M).

Theorem 4.2. Let B be a Banach algebra with identity e, Fa strongly closed TRB

algebra of F(E, 77), and M a maximal proper two-sided ideal of 77. Then:

(1) FM is a complexifiable elliptic TRLM family of F(E,B/M); or

(2.a) FM contains a P(R,R) embedment; and

(2.b) there exists 0 ¥* g E T(E,R), a E F(E,M), such that ge + a E F.

Proof. Clearly B/M is simple and from Theorem 2.1, FM is a TR(B/M) quasi-

closed algebra of F(E,B/M). Therefore, from Theorem 4.1, (1) holds, or (2.a)

holds and there exists g G T(E,R) such that 0 ¥= ge E FM. Now there exists

h E F such that ge = 9h. Set a — h — ge. Then 9a = g9(e) — 9h = ge — ge

= 0 and thus a E F(E,M). D

Let 77 be a Banach algebra. 77 is said to be strongly semisimple (s.s.s.) if 77 is a

field or if the intersection of all maximal proper two-sided ideals of 77 is {0}. Note

[7] ordinary semisimplicity is defined in terms of one-sided ideals and is a weaker

condition.

77 is said to be weak annihilator s.s.s. if 77 is a field or if the intersection of all

maximal proper two-sided ideals I of 77, for which there exists 0 ¥* a E B such

that ai = {0}, is {0}.

Theorem 43. Let B be a weak annihilator s.s.s. Banach algebra with identity and

F a strongly closed TRBG algebra of F(E,B). Then F contains an F(E,R)

embedment, or F is a TRL family of harmonic functions.

Proof. Suppose there exists a maximal proper two-sided ideal I of 77, 0 # a

E 77, such that a I = {0} and F¡ is not a TRLM family. Then, from Theorem 4.2,

there exists 0 ¥= g E T(E,R), p G F(E,I), such that ge + p G F. Whence

ap = 0 and 0 ¥= ag — a(ge + p) E F, and hence from Lemma 4.1, since Fis a

strongly closed TRG algebra, F contains an F(E,R) embedment.

Suppose the contrary. Then since 77 is s.s.s., for 0 ¥= x E B, there exists a

proper maximal two-sided ideal M oí B such that x £ M, and thus 9M(x) # 0.

Then, from Theorem 2.2, F is a TRL family of harmonic functions.

The following terminology is from Naïmark [7]. Let B be a Banach algebra

(normed ring). 77 is said to have a continuous quasi-inverse if there exists a

continuous function 9 defined on a neighborhood 5 of 0 into B such that for

x G S, x' = 9(x), we have x + x' + xx' = 0. 77 is said to be semisimple if the

intersection of all maximal proper left (right) ideals of 77 is {0}. 77 is said to be an

annihilator algebra if a77 = {0} and Bp = (0} imply p, a = 0 for p, a E 77, and

for a proper left ideal I¡ and a proper right ideal Ir of B, there exist 0 ¥= a, p E B

such that alr = {0} and I,p = {0}.
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An element p E Bis said to be an irreducible idempotent if 0 # p2 = p and

there do not exist 0 ¥= a, ß E B, such that a2 = a, ß2 = ß, aß = ßa = 0 and

p = a + ß. From Naïmark [7], every nonzero right ideal of B contains an

irreducible idempotent p. Furthermore, if p is an irreducible idempotent of B,

then pBp is a normed field.

Theorem 4.4. Let Bbea semisimple annihilator Banach algebra with a continuous

quasi-inverse and F a strongly closed TRGB algebra of F(F, B). Then F contains an

F(E,R) embedment, or F is a TRL family of harmonic functions.

Proof. Let 0 ¥= x E B. Then xB ¥= {0} and xB is a right ideal of B, and hence

must contain an irreducible idempotent p. Then xp = p for some p E B. For

t E B, set 0x(t) = ptpp. Then 9x(x) = pxpp = p3 = p ¥= 0. Now Fx = 0X(F) is a

quasi-closed TR[0x(B)] algebra of F[E,0x(B)], and p E 0X(B) = pBpp is a

subalgebra of the field pBp, with identity/», and hence, from Theorem 3.1, pBp,

and hence 9X(B), is isomorphic to R or K and is therefore simple.

From Lemma 4.1, if F contains an F(R, R ) embedment, F contains an F(E, R )

embedment. Suppose F does not contain an F(R,R) embedment. Let 0 ¥" x

E B. Then Fx = pFpp Q F for some p E B, and Fx does not contain an F(R,R)

embedment. From Theorem 4.1, 0X(F) = Fx is a TRGM algebra and 9x(x) ¥= 0.

Whence from Theorem 2.2, F is a TRL family of harmonic functions.

5. Finite dimensional theory. In Theorem 5.1, we handle the case when B is

simple. The case of a s.s.s. algebra with identity, Theorem 5.2, reduces to the

simple case, since every such algebra can be shown to be the direct sum of simple

algebras. Theorem 5.3 handles the case when B is commutative and contains

nilpotent elements.

Theorem 5.1. Let B be a finite dimensional simple Banach algebra with identity,

and F a strongly closed TRGB algebra of F(E, B). Then:

(\)F=F(E,B);or

(2) F is an elliptic complexifiable TRLM family.

Thus the strong closure of an elliptic TRGBL family of F(E,B) (itself an elliptic

TRGBL family) is a maximal proper strongly closed TRGB algebra of F(E,B).

This theorem has as an immediate consequence, the characterization of

A(K,K) given in Theorem 7.1.

Proof. The proof follows immediately from Theorem 4.1 and Lemma 4.1.

Lemma 5.1. Let B be a finite dimensional s.s.s. Banach algebra. Then there exist

nontrivial two-sided ideals Mx, ..., Mk, k E w, such that:

(1) B » M, © • • • © Mh
(2) MtMj = {0)for i * j, i,j - 1.k.
(3) M¡ is a simple Banach algebra for i = 1, ..., k.

(4) For i = 1, ..., k, if B has an identity, then M¡ has an identity.
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Proof. Clearly there exists a minimal collection of maximal proper two-sided

ideals 7,.Ik of 77, k E co, such that FlfT, = {0}. Then for i ¥-j,i,j = 1, ...,

k, the two-sided ideal Mi, = flIp(p — 1,...,i - 1,/ + \,...,k) is nontrivial,

and MjMj c M¡ n AC; £ DfL = {0} and thus the direct sum M, © • • ■ © Mk

may be defined.

Let p = 1,..., k, and let 9p be the natural homomorphism of 77 onto 77/7^.

Then for x E Mp 9p(x) = 0 implies x E Ip, and thus x E Mp n Ip = r\xI¡

= (0) and x = 0. Thus 9p = 9P\ Mp is an isomorphism of A^, onto an ideal

9p(Mp) of 77/A. Since 77/7,, is simple, 9p(Mp) = B/Ip and Mp is simple. If 77 has an

identity, then B/Ip, and hence Mp, has an identity.

Let x G 77, p # q, p, q = 1, ..., k, and set xp = f?;1 ̂(x) G Mp. Then f^(^)

= I^A'P»] = 0p(x). Since x, G Af, ç lq, 9q(xp) = 0. Set xQ = 2f *,. Then
for p=\,...,k, 9p(x - x0) = 9p(x) - 9p(x0) = 9p(x) - 2?-i »,(*,) = #»

- ^(^P) = 0p(x) - 9p(x) = 0 and x - x0 E Ip. Thus x - x0 E flfT, = {0} and

x - x0 = 0. Thus 77 = Af, © • • • © Mk.

Theorem 5.2. Let 77 be a finite dimensional s.s.s. Banach algebra with identity and

F a strongly closed TRB algebra of F(E, 77). Then:

(1) F contains an F(R,R) embedment; or

(2) F is an elliptic TRL family, and there exist complexifiable TRL subalgebras

Fx, ...,Fk ofF, k E co, such that F = F, © • • • © Fk.

Proof. Let A/,, ..., Af¿, k G co, be a collection of ideals of 77 as given by

Lemma 5.1. Then for x E 77, there exist for / = 1, ..., k, x¡ E M¡, such that

x = x, + • • • + xk. Let p = I, ..., k. Then epx = epxx + ■ ■ ■ + epxp + • ••

+ ekxk = 0 + epxp + 0 = xp, where ep is the identity element of Mp. Since F is a

77?77 family, the constant function ep lies in F, and thus epF = {epf;f G F} C F.

Clearly epF is a TRMp quasi-closed algebra of F(E,Mp), where Mp is a simple

Banach algebra with identity. Suppose epF contains a P(R,R) embedment for

any/? = 1, ..., k. Then F contains a P(R,R) embedment and, from Lemma 4.1,

F contains an F(R, R) embedment.

Suppose the contrary. Then, from Theorem 4.1, ep F is a complexifiable elliptic

TRL family, and there exists an elliptic operator àp such that &pf = 0 for

/ G ep F, for p = I, ..., k. For / G F, / = exf + • • • + ekf, and thus F = exF

© • • • © ek F, and A0/ ■ 0 for all / G F, where A0 is the elliptic operator

A, •••A*.

Now for x G U, f E F, U ç domain /

ll/toll < 2 Ik/WII < 2 sup{|k,/(/)||;f G Ü}N(epF)\\x\\

<|sup{||/0)||;íGí7}||ep||A(epF)W

= Ar0sup{||/(í)||;<G L7}||x||,

where N0 = 2* \\ep\\N(epF), and thus Fis a TRL family. D
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If B is a commutative Banach algebra, then the family of nilpotent elements of

B, N(B) = {x E B; xk = 0 for some k E co}, is an ideal of B.

Lemma 5.2. Let n E u and let B be a commutative Banach algebra of dimension

n. Then for N = N(B):

(1) B is s.s.s. with identity, if and only if N = {0}.

(2) If B ¥= N, then B/N is sj.s. and has an identity.

(3) For a E B, a £ N, there exists ß E B such that ßa ¥= 0 and ßN = {0}.

Proof. We prove (1). Suppose TV ¥= {0}. Then for some 0 ¥= x E B, k E to, we

have xk = 0. Then for all maximal proper ideals M of B, B/M is a field and

0 = 0^(0) = 0M(xk) = 0M(x)k, and thus 0M(x) = 0 and x E M. Thus x ^ 0,

lies in the intersection of all maximal proper ideals of B and B is not s.s.s.

Suppose N = {0}. Let 0 =£ x E B and consider the sequence 5 3^52 x2B

2 • • •. For some k = 1, ..., n, B0 = xkB = xk+xB. Now xkB = (0} implies

xk+i _ g and x E N = (0). Thus B0 ¥= {0}. Now there exists an irreducible

proper ideal H of B lying in the ideal B0 of B. For t E B0, set L(t) = rx. Then

L E T(B0,BQ) and L(B0) = xB0 = xn+xB = x"B = B0, and thus L is one-to-

one. Then L(H) ^ {0}. Thus (0} ¥= xH Q H, and from the minimality of H,

xH = H. Let 0 * t E H. Then tH = {0} implies t2 = 0 and t E N = {0}.

Thus {0} ¥= tH Q H and tH = H. For some p e H, tp = t. Let 0 ¥= y E H.

Then for some a E H, ta = y and py = p(ta) = (tp)a = ta = y, and p is the

identity element of H. Let 0 ¥" y E H. Then yH = H and yy1 = p for some

y' E H. Thus y has an inverse in H and H is a field.

Let M = {y E B;py = 0). Then for z E B, y E M, p(zy) = z(py) = z • 0

= 0 and zy E M, and thus M is an ideal of B. Now ZZ = xH = x(pH)

= (px)H, and thus px ^ 0 and x E M. Let v E Z?, and set yx = py and

^2 = y - Py- Then yx = py E yH Q H and p^2 = p(>» - py) = py - p2y = py

— py = 0 and j>2 S A/. For y E M D H, y E H implies py = y, and hence

y E M implies v = py = 0. Thus B = H © M. Lety E B,y £ M. Then .y, =¡¿ 0

and H — yxH = ypH = H. Thus any ideal properly containing M is B. Set

Hx = H and Mx = M.

Suppose Zi is not a field. Then for 0 ¥= x E B, Hx ¥= B and thus Mx # (0},

and hence Mx is a maximal proper ideal of B excluding x. Thus B is s.s.s.

We show B has an identity. Suppose B = Hx® Mx, where Hx = Hx and

Mx = Mx for some 0^x65. Now N(MX) Q N(B) = N = {0}, and thus

M, = H2® M2, where ZZ2 is a field and M2 is an ideal of Mx and hence M2 is a

Banach algebra with N(M2) = {0}. Continuing we obtain a sequence of fields,

ZZ,, ..., Hk, k E co, of B such that B = ZZ, © • • • © Hk. Set e = ex + • • • + ek,

where e, is the identity element of ZZ, for / = 1, ..., k.

We now show (2). Suppose for some y E B/N, k E co, yk = 0. Then for some

x e B, 0 = 0N, we have v = 0(x). Then 0 = / = 0(x)k = 0(xk) and x* e ZY.

Then for some p E co, x** = (x*)' = 0 and x E N. Thus .y = ^(x) = 0 and

N(B/N) = {0}. Then our result follows from (1).
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We now show (3). Let a E 77, a g N. If an+lN = {0}, choose ß to be an+i.

Then ßN = an+lN = {0}, and ßa = an+2 ̂  0 since a E N.

Suppose an+l N ¥= {0}. Then for some x E N, an+1x =£ 0 and k = dr(a"xB) is

minimal. Now 0 ¥= an+lx E a"xB and k > 1. Let y E N. Say an+1xy ¥= 0.

Then 0 ¥= an+xxy E a"xyB C a"xB and, from the minimality of k, a"xyB

= a"xB. For some m E co, ym = 0. But then {0} = yma"xB = ym^l(a"xyB)

= ym-la"xB = ■ • • = a"x77 and k = 0. Thus an+1xy = 0 for all y G A and

ßN = {0} for ß - a"+1x. Now a"5 = cV+'Ä, and thus {0} ¥= a"xB = an+1xB

= an+2xB and ßa = an+2x ^ 0.

Theorem 53. Let B be a finite dimensional commutative Banach algebra,

N = N(B), and F a strongly closed TR algebra of F(E,B). Then:

(1) F contains an F(R, R) embedment; or

(2) FN is an elliptic TRL family and there exist complexifiable TRL algebras

Fx, ..., Fk of FN, k G co, such that FN = F, © • • • © Fk. Moreover if 77 has no

nonzero nilpotent elements, then N = (0} and FN = F.

Proof. Set 770 = UfeF range / Omitting the trivial case when 7V0 = N(B0)

= 770, we have from Lemma 5.2 that 77, = B0/N0 is s.s.s. with identity. Suppose

W = FN contains a P(R,R) embedment. Then for some it G 77,, g G T(E,R),

we have 0 ¥= mgk E W for all k E u. Let k E co. Then for some h E F,tr0 E 770,

9 = 6N , we have 9(h) = Tigk and 9(ttq) = it. Set a = h — w0g*. Then 9(a)

= 9(h) - 9(ir0)gk = Ttgk -wgk = 0 and a E F(E,N0). Now from Lemma 5.2

since tt0 E N0, there exists ß E B0 such that />V0 ¥= 0 and ßN0 = (0). Then

ßa = 0 and F contains ßh = ß[tT0gk + a] = ßir0gk. Thus {ßirQgk; k G co} ç F

and F contains a P(R,R) embedment. Hence, from Lemma 4.1, F contains an

F(R, R) embedment.

Now suppose Wdoes not contain a P(R,R) embedment. Then, from Theorem

5.2, W is an elliptic TRL family and there exist complexifiable TRL algebras

W\, ..., Wk of W, k G co, such that W = Wx © • • • © Wk. Now there must exist an

isomorphism p mapping 77, = 770/A0 into B/N. Since 77 is finite dimensional, jti

must be a homeomorphism. Thus F = Fx © • • • © Fk, where F¡ = pW¡ is a

complexifiable TRL algebra for /' = I, ..., k.

6. Applications to integrable functions. Let 77 be a commutative subalgebra of

T(E,E). An element / of F(F,77) is said to be integrable if 0 = fcf(z)dz

= fcfz(dz) for all contours C lying in simply connected open subsets of domain

/ From [4], [5], the family I(E, 77) of integrable functions of F(E, 77) is a strongly

closed TRB algebra of F(E,B).

To handle the classical case of integrable maps from K to K, set E = K, and

set 77 = {Lx ; x E K), where Lx(t) = xt for x, t E K. Then I(K, A) is a strongly

closed TRK algebra of F(K, K). By direct computation F = 7(A, A) is a a family

and j E F and j G F, where j(z) = z and j(z) = z for z E K. J E F implies

F ¥* F(K,K) and/ G F implies that F possesses a nonconstant element. Hence,
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from Theorem 8.1 (given below), F = A(K, K)   or  A(K, K).   Since J <= F, F =
A(K, K).

We now give another proof of a theorem of [4]. We first prove a lemma

adapted from a lemma of [4].

Lemma 6.1. Let g E T(E,R), a E B, such that f = ga is integrable. Then ga

vanishes identically on E.

Proof. For x E E, set

"M - /o*/(')<* " £/(«)(**) = X' 8(sxHxds)

= g(x)a(x)jo sds = g(x)a(x)2~x.

Let x, y E E; then since / is integrable,

stooO) = t/WlW = l|m[«(x + p) - h(x)]r~x

= lim[g(x + ry)a(x + ry) - g(x)a(x)](2/-)_1

= lim{[g(x) + rg(y)][a(x) + ra(y)] - g(x)a(x)}(2r)"'

= [g(v)a(x) + g(x)a(y)]2-'.

Thus g(x)a(y) = g(y)a(x) for all x, v E F.

Suppose g#0. Then g(x0) = 1 for some x0 E E. Set it = a(x0). Then for all

x E E, a(x) = a(x)g(x0) = a(x0)g(x) = g(x)tt E {rit;r E R} and a has rank

one or zero, contradicting the hypothesis of the lemma. Thus g = 0.

Theorem 6.1. Let N = N(B) and F — I(E, B). Then if no element of B has rank

one, then,

(1) F contains an F(R,R) embedment; or

(2) FN is an elliptic TRL family and there exist complexifiable TRL algebras

F,, ..., Fk of FN, k E co, such that FN = Fx © • • • © Fk.

Proof. From Lemma 6.1, F does not contain a P(R,R) embedment, and hence

the theorem follows from Theorem 5.3.

7. "Weak" and "strong" analyticity.

Theorem 7.1. Let B be a Banach algebra and F a strongly closed TRB algebra of

F(E, B) such that one of the following holds:

(1) B is simple with identity.

(2) B is weak annihilator sj.s. with identity and F is a G family.

(3) B is annihilator semisimple with a continuous quasi-inverse and F is a G family.

(4) B is finite dimensional and s.S.s. with identity.

(5) B is commutative and N(B) = (0}.

77îé?m F is elliptic if and only if LF is elliptic for all L E B* = T(B,R).
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If F is elliptic, then for 0 G L E 77*, LF is analogous to the family RA of

harmonic functions of F(K,K), where A = A(K,K), R E T(K,R) and R(a + bi)

= a for a + bi E K.

Proof. If Fis not elliptic, then from Theorem 4.1,4.3,4.4, 5.2 or 5.3, there exists

0 # a G 5, x0 £ T, such that F contains all functions of the form h([x,x0])a,

where h E F(R,R), x E E. By the Hahn-Banach theorem, there exists L E 77*

such that L(a) ¥= 0 and LF contains an F(R,R) embedment.

If F is elliptic, there exists an elliptic differential operator P such that Pf = 0

for all / G F, and hence P(L(f)) = L(P(f)) = L(0) = 0 for all / G F, L
G 77*.

8. Characterization of A (K, K).

Theorem 8.1. If Fis a strongly closed TRKo algebra ofF(K, K) with nonconstant

elements, then F is F(K,K) or A(K, K) or I(K, K).

Proof. Suppose F ¥= F(K,K). Then from Theorem 5.1, there exist linear

subspaces 77 and F of A and a complexification M oí H such that K = H © V

and the elements of the family D of derivatives of elements of {/1 77;/ G F} are

M-I homogeneous. Since F contains nonconstant elements, D ¥= {0}, and thus

77 = A and V = {0}. Trivially D # T(K,K). Let g G D such thatg(l) = 1 and

set D0 = {cg;c E K) Q D * T(K,K). Now 1 = dc(D0) < dc(D) < dc[T(K,

K)] = 2 and thus D0 = D.

Since F is a a family and g G F, g, E F and clearly g, G D. Since D = Z>0,

there exists p G A such that g, = pg. Now —1 = g(-l) = g(i2) = g¡(i)

= PSO) = P2g(0 = P2- Thus p = «', where e = ±1. Then for z = a + bi E K,

g(a + bi) = ag(\) + bg(i) = [a + bp]g(\) = a + ebi, and g(z) = z if e = 1

and g(z) = z if e = —1.

Suppose e = +1. Then az = ag(z) = g[Af(a,z)] = Af(a,z) for a, z G A and

hence M = I. Thus the elements of Fare 7-7differentiable and F C A(K,K). Now

all polynomials in g(z) = z lie in F and thus A (K, K) ç F. Whence F
= A(K,K).

The argument for the case when e = — 1 is similar.

Theorem 8.1 yields and motivates many other characterizations of A(K,K).

We observe that trivially A(K, K) is a TRKo algebra of F(K, K). The property

of strong closure of A(K, K) is a nontrivial result of complex function theory. Let

F be a TRKa algebra with nonconstant elements. Then any property of the

elements of F which is not true for all / G F(A, K) and which can be shown to

be preserved under uniform convergence insures that the strong closure F0 of F

is not F(K,K) and hence that F ç F0 = A(K,K) or J(K,K). Some such

properties, setting E = K, are:

(8.1) Fis maximum modular.

(8.2) (Topological analysis [8]). / G F, U ç domain f,fo=f\T, implies p(fQ)

> 0, where p(f0) is the topological index (winding number) of/, about zero.
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(8.3) (Mean value property), f E F, U Q domain/ implies p[U] ' fvf(x)dp(x)

= /(0).
(8.4) The elements of Fare twice continuously partial differentiable and satisfy

Laplace's equation.

(8.5) (Integrability). f E F, U Q domain/ implies fcf(z)dz = 0 for all closed

contours C Q U.

(8.6) (Distribution theory [3]). The elements of Fare weak solutions of Laplace's

equation, i.e. fEf(z)ku(z)dp(z) = 0 for all/ E F and all infinitely differentiable

functions w on F into R supported on a compact subset of domain /

The program of topological analysis of G. T. Whyburn, and P. Porcelli and E.

H. Connell [8] to develop complex function theory by topological methods starts

by deducing (8.2) for A(K,K). (8.1), the maximum modularity of A(K,K), then

follows immediately. Simple arguments employing (8.1) and the fact that A(K, K)

is a o algebra of F(K,K) are used to show that the elements of A(K,K) have

power series expansions, etc.
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